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Abstract

In molti casi le risposte ai sondaggi d'opinione vengono fornite su scale ordinali,
relativamente ad un livello di interesse, soddisfazione o simili. In indagini su larga scala
diviene spesso necessario sintetizzare i risultati con un indici di locazione e scala, sulla
base della codifica delle risposte su numeri naturali da 1 a k, anche se approcci piu
complessi cercano di definire metriche “ottimali”. La valutazione della dispersione
mediante la varianza o indici specifici (D di Leti) puo essere allora normalizzata dato &
o il parametro di locazione, da cui ¢ strettamente dipendente. Il comportamento degli
indici condizionati viene studiato e comparato per la deviazione standard e il D di Leti.
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1. Introduction

Responses to opinion surveys are frequently given on ordinal scales, where the
individual has to specify a level of interest, agreement, satisfaction, or similar. In
complex and large-scale surveys it is then often useful to summarize the results,
replacing frequency distributions with some indexes showing location and dispersion of
the responses. An example is the annual Student's opinion survey on university teaching
in Turin, where 16 items regarding the quality of lectures are investigated on about 3200
courses, with results delivered to some 2000 professors.

In these cases the responses are often encoded with natural numbers from 1 through £,
even though more complex approaches to define an optimal metric have been developed
(Gifi, 1990; Delvecchio, 2004).

The evaluation of dispersion based on the ranked responses can then be performed using
the standard deviation o, and the behaviour of the statistic can be shown to be
practically equivalent to that of statistics specifically devised for categorical ordinal
variables, as Leti's D (Leti, 1983). Both ¢ and D share the same range (asymptotically
for D), and their values, although not directly linked, are very close for all distributions
for a wide range of k (Scagni, 2005). Also, the decomposition property within and
between groups holds for both statistics (Grilli, Rampichini, 2002).

In these cases dispersion statistics can thus be normalized, since their maximum is a
function of &. However it makes little sense to compare "normalized" dispersion on very
differently located distributions, as their value is strictly dependent on the location of the
distribution: when responses are concentrated near 1 or k their potential dispersion is
more limited than when they are concentrated near /2.

In this paper the use of normalized dispersion statistics conditioned on a location
parameter is proposed. Such statistics are derived from both standard deviation and
Leti's D; their behaviour is studied and compared.
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2. Natural-value variables mean and dispersion

Let 4 be an ordinal categorical variable, with k response categories a1, a, ..., ar. Let X be
the discrete variable derived from A through the rank transformation
a,— x=i; i=1,2,...,k. If n, denotes the associated absolute frequency and

N=Zf‘=1 n, f,=nl/N; F,.=Z"/.:1 fio the mean and variance of X are:

k—1

k
¥=D i(F~F,_ =Z (i+1)F= kF+ZzF Zz+1F k— ZF

ol=Yt (i=%) =X, i f ~X=2) A (F,—F,_)—(k=X2 Ff

In this case both statistics can be written as functions of the cumulative distribution
function only. The same holds of course for Leti's dispersion index for ordinal variables
D=2%!"'F,(1-F,). Both 6 and D can vary from 0 through (k—1)/2 (if n—ow for
D with even N), since if f,=1/2; i=1,k; f,=0; i=2,3,...,k—1 then:

=(*+1)2=[(k+1)/2]'=(K* =2k +1)/4=((k=1)/2) =0, =(k—1)/2

It is then possible, at least in principle, to define the corresponding normalized statistic
o.=clo,, =ol[(k—1)/2] and D,=D/[(k—1)/2].

For a comparison of the behaviour of 6 and D, see Scagni (2004).

Such "marginal" normalization, however, ignores that the range of ¢ and D varies

sharply if considered conditionally on a fixed location parameter, and can actually reach
(k—=1)/2 only when x=(k+1)/2. A way to avoid this is to normalize dispersion
statistics conditionally on the observed mean, as shown in the following paragraphs.

3. Maximum conditional dispersion: characterization of the distribution

Lemma 1. Given 1<Xx<k, consider the class of discrete natural-valued variables {X}
on (1; k) with mean x . The maximum of 6% on such class is reached if and only if:

f1=x=K)I(=k); f,=(1=-3)/(1=k); f,;=0 Vj=2,.. k-1
Proof. Given X, 6% is a monotonous increasing function of the second moment:

M(Xz)—Zf‘liz(F —F, )=+ Y 0 P F =Y (141 )P F =+ 2 [2= i+ 1)) F =
=+ X P =P—1-2i)F = kz ,.=,(1+2z)F,.—k—3F,— 1426)F,

Since X! F,.=k—x=F ,=k—x-X_) F,, this is also:
M (X*)=k*=3F =X (1+2i|F=k*=3 (k=X)+2 X} (1-i) F, (1)

Since 2X*7) (1—i)F,<0, and F,>F,, the maximum of (1) given X is reached when
F,=F,, but this implies that the distribution is concentrated on values 1 and & only.
Then the mean becomes x=k—>. ' F.=k—(k—1)F,=k—(k—=1)f,; solving for f;,
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f1=(x—k)/(1—k) is obtained and therefore f,=1—(x—k)/(1-k)=(1-x)/(1—Fk). ™
Lemma 2. Given 1<X<k, consider the class of discrete natural-valued variables {X}
on (1; k) with mean X . The maximum of D on such class is reached if and only if:

[=x3=k)(1=k); f,=(1=%)(1=k); f,=0 ¥ j=2,.. k-1

Proof. Conditional on X, D can be written as D/ 2=[(k—>_c)— L ] (since

‘- F,=k—x), so that the minimum of X, ] F7 must be found with respect to the
k-1 unknowns F; subject to the constraint .- F/,=k—X=c . The Lagrangian function
is g(F,;A)=X\2) F}=A(X/Z) F,—k+%), and its partial derivatives are:

dg(F,;A\)/O0F,=2F,—A; dg(F,;A)0A=X!""F,—k+x ()

Setting both derivatives in (2) to zero, each F}, i=1, ..., k-1, must be equal to the constant
A/2. The values of A is thus given by:

F=% 5=k

k-1

b

N‘
><|
=l

A
- k—1)5=k—x = A=2 =2

k=1 -k

l\)|>

€)

i=1

Again, F;=A/2 , i=1, ..., k-1 implies that the distribution is concentrated on values 1 and
konly, and by 3) f,=(x—k)/(1=k) and f,=(1-Xx)/(1—k). ™

On a natural-value variable X, therefore, the maximum of both ¢ and D - given any
value of X - is attained when the distribution is concentrated on its extremes 1 and &.

4. Maximum conditional dispersion: normalized statistics

It is now straightforward to derive the maximum of both ¢ and D conditional on X :

k—1 _ _ _ _
-k 1-X (x—k)(1-x)
D =23 F(1-F)=2(k-1)2"—"£._=X=_» =
R {1=F)=2(k >1—k 1—k 1—k
zzx—xz—k+7ck: X(1+k=%)—k _, (k=x)(x—1)
k-1 k—1 k=1

and define the associated conditional normalized statistics ©, —U/[ (k—x)(x— 1)]”2
and D, .=(k—1)D/[2(k—x)(x—1)]. Both o and Dmam, reduce to their
unconditional maximum (k—1)/2 when X=(k+1)/2; both are functions of the same
core (k—x)(x—1), but D is also inversely linked to the range (k -1). In other

words, the maximum dispersion (conditional on X ) is a quadratic function of how X
itself partitions the range of X: more uneven partitions allow for less dispersion.
Figure 1 shows the similar behaviour of o, . and D, . as functions of X, even

max|x
though the latter has a somewhat wider range.

rlxT max |x

max|x
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Figure 1: Values of o, . and D
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When considered as functions of & for any fixed X, o, and D
asymptotic differences: while the first is obviously unbounded, the latter is finite:

lim D, =2 lim L(’f) 2(x—1)

X
k— oo k— oo k

Empirical behaviour of o, and D, ; is remarkably similar, even though they are not
one-to-one functions, nor is one of them more discriminating than the other. Simulation
studies show that o, . >D . for low values, while D, _>o, _ for high values. Figure 2

r|x r|x r|x r|x

shows the results of 3 sets of 400 (k=4) replications with high (,=0.25;0.25; 0.25; 0.25),
low (i=0.02;0.06;0.91; 0.01) and intermediate (f;=0.08; 0.12; 0.68; 0.12) dispersion.

Figure 2. Simulated o, . and D, . on 3 different k=4 random distributions
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